Lecture 14 — Holder’s Inequality 


Anthony Erb Lugo 
March 12, 2011 


In this lecture, we’ll cover several applications of Holder’s Inequality. Before we begin, 
it’s recommended to the reader to be familiar with the following inequalities: Trivial 
Inequality, Arithmetic Mean - Geometric Mean and the Cauchy-Schwarz Inequality. If 
the reader is not familiar with these inequalities, it is then advised to read “A Brief 
Introduction to Inequalites” (Lecture 7) in the OMC archive. 


1 The Cauchy-Schwarz Inequality (Generalized) 


Let’s recall the Cauchy-Schwarz Inequality: 


Theorem 1.1 (The Cauchy-Schwarz Inequality): Let a1, d2,--+ Gn, b1, b2,--+ , bn be real 
numbers, then, 


(as ad oso a2) (0? + OBE <2 be) > (@ibi-+ Gabe +=: +-+ Gaba)? 


with equality if and only if ll cgay 
bbe bn 
We note that, in the Cauchy-Schwarz Inequality, the left hand side has two products 
where the terms inside are elevated to the second power. In Holder’s Inequality, we take 
that two and generalize it. For example, by Holder’s Inequality on positive real numbers 


Q1,°** ,Qn,61,°** ,bn,C1,°** 5 Cn, we have, 
(aft+agt+---+ar)(Be+ bet. +B)(G+at+---+cé) = (aybicy + +++ + Anbncn)? 


It’s important to note that now, instead of there being two products and the terms inside 
being elevated to the second power, there are three products and the terms inside are 
cubed. Similarly, if we were to have four products, then the terms inside would be elevated 
to the fourth power, and so on. Formally, this inequality is equivalent to, 


Theorem 1.2 (Hdélder’s Inequality): For all a;, > Owhere 1 <i<m,1<j <n we 


have, 
m 


m 
[La 


i=1 


fi(sss.)= (4 


i=1 \j=1 j=l 
Note that the Cauchy-Schwarz Inequality is Holder’s Inequality for the case m = 2. 


Example 1.3: Let a,b and c be positive real numbers. Prove that, 


(a? + 2)(8 +2)\(e8 +2) > (a+6+ 6)? 
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Proof. By Holder’s Inequality, we have that, 


(+14 NA+ +H)A+148)> (VE TIFT It V1 A) 


(a® + 2)(b° + 2)(c? +2) > (at+b+c)° 


And we’re done! 


Example 1.4: Prove the Arithmetic Mean - Geometric Mean Inequality. 


Proof. The Arithmetic Mean - Geometric Mean Inequality states that for positive real 
numbers a1, @2,°-: ,@, the following inequality holds, 


ay tag +++ +Gn 
n 


= 9/A40203 ++ An 


Hence, it is equivalent to proving that, 


dy + Ag + +++ + An 2 NWYA10243 +++ On 


Or, 
(di dar ete ay)” 2 (aides Gq)" 


Next we note that, 


(a1 +agt++++@n)” = (a1 +aet:+++Gn)(G2+@3++ ++ +Ont+a1) +++ (Gnt+a1+a2+-+++Gn-1) 


The result then follows directly by applying Holder’s Inequality, and so we are done! 


Example 1.5 (Junior Balkan MO, 2002): Prove that for all positive real numbers a, b, c 
the following inequality takes place 


1 ; 1 : iE at 
b(a + b) 


~c(b+c) a(c+a) = Tae? 


Proof. This problem is probably one of the best examples of Holder’s Inequality. It 
practically has Hélder’s Inequality written all over it. First, we note that 3° = 27, hence 
we might expect Holder’s Inequality to be used on the product of three terms. Next we 
note that, 

2(a+b+c) =(a+6)+ (+c) +(c+a) 


So, by multiplying both sides of the inequality by 2(a+ b+ c)?, it is equivalent with, 


1 1 1 


((a+ b) + (b+c)+(ct+a))(b+c+a) Cress Ea axe} oy 


Which is true by Holder’s Inequality. Hence the inequality, 


1 1 i) 27 
> 


Mart) suse) Aleta OG eer 


is also true, so we are done! 
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Example 1.6: Let a and b be positive real numbers such that a+b = 1. Prove that, 


Proof. First we note that, 


Then, by Holder’s Inequality, we have, 
3 
1 1 ee a b-b 
(a T b) (a T b) a T ip a ae T be =8 


Example 1.7: Let a,b and c be positive real numbers such that a+b+c= 1. Prove 
that, 


da® + 9b? + 36c? > 1 
Proof. Note that, 


Then, by applying Holder’s Inequality, we have, 


j ee: er eco ens | 
(5 ran :] (5 ra 5) Ua! + 988 + 3608) > (a+ b+ =I 


And we’re done. 


Example 1.8: Let a,b and c be positive real numbers. Prove that, 


a+b b+e c+a 
>2Vat+tb+e 
VJat2e Vb+2a Vc+2b— 


Proof. A common strategy used when solving problems that include square roots in the 
denominator is to square the expression on the left hand side then multiply by what’s 
inside the square root times the numerator and apply Holder’s Inequality, like so, 


(= | Tr : ss) (= +1020] ron 


Next we note that, 


YS" (a +b)(a + 2c) = (a 1 b+c)? + 3(ab+ be + ac) 


cyc 


Hence, it is sufficient to prove that, 


8(a+b+c)? , 
(a+ b+)? + 3(ab + bc + ac) > (2Va+b +c) 


The rest of the proof is left as an exercise to the reader. 
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1.1 Practice Problems 


1. Let a,b and c be positive real numbers. Prove that, 


(a) 
Or ur age (a+b+c)? 
bc. a ~ 3(ab+bce+ac) 
(b) 
1 1 1 27 
> 
a 6 ec Vab+be+ac 
(c) 
a? | b? | C 4 atb+e 
Ob." be eda 2 
(d) 
Se See 
a+b+c ab + be + ac 
(e) 


ef+h+E0<3 = at+b+c<3 


2. Let a,b and c be positive real numbers such that a+ 6+ c= 1. Prove that, 


(a) 


V99 > V1+ 8a+ W14 8b+ W1+4 8c 


(b) For a positive integer n: 


b+e ate a+b 
Vab + be + ac > a! | i | i 
ab+be+ac>a 5 b 5 Cc 5 


3. Let a1, d2,--+ , dn be positive real numbers. Prove that, 


(1+ ay)(1 + @2) +--+ an) 2 (1+ ara2-- an)” 


4. Let a,b,c,x,y and z be positive real numbers. Prove that, 


5. Let a,b and c be positive real numbers such that a+ 6+ c= 1. Prove that, 


1 1 1 


9 
a(3b + 1) : b(3c + 1) | c(3a + 1) = 2 


6. Let a and b be positive real numbers such that a? + b? = 1. Prove that, 


Deak b a se 
a b/\a?4+1 841/73 
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7. Let a,b and c be positive real numbers. Prove that, 


2 VE TE a. (=) (=) 
3 — 2 3 


8. (Vasile Cirtoaje) Let a,b and c be positive real numbers. Prove that, 


a b Cc 
! | Spee 
JG aioe ema : 


9. (Samin Riasat) Let a,b,c,m,n be positive real numbers. Prove that, 


a? | b? | Ce 3 


b(ma+nb) © c(mb+nc) ° a(me+na) > m+n 


10. (USAMO, 2004) For positive real numbers a,b and c. Prove that, 
(@ a +3)(P =F £3\(C—e 3) > (etb+o% 


11. (IMO, 2001) Prove that for all real numbers a, b,c, 


a b Cc 


>1 
JVaz+8be VWb?+8ca Ve2+8ab — 
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